Abstract. We discuss a problem of Dixmier [3, Problem 10.10.11] on continuous fields of postliminal C * -algebras and the greatest liminal ideals of the fibers.
Introduction
In [3, Problem 10.10 .11] Dixmier asked the following question: given a continuous field ((A(t)), Θ) of postliminal C * -algebras over some space T and with B(t) the greatest liminal ideal of A(t) and Θ ′ := {x ∈ Θ | x(t) ∈ B(t), t ∈ T } is ((B(t)), Θ ′ ) a continuous field of C * -algebras? We shall call a continuous field of postliminal _ -algebras for which the answer to this question is affirmative a tame continuous
field.
An example of a continuous field that is not tame can be constructed over T := N ∪ {∞}. We let A(n), n ∈ N, be the unitization of K(H), the algebra of all compact operators over an infinite dimensional Hilbert space H, and A(∞) := CI H , I H being the identity operator on H. Θ consists of all the fields x such that x(n) = λ n I H + a n , {λ n } being a sequence in C that converges to some λ ∈ C, {a n } being a sequence in K(H) that converges to {0}, and x(∞) = λI H . Then ((A(t)) t∈T , Θ) is a continuous field of postliminal C * -algebras. Now the largest liminal ideal of A(n) is B(n) = K(H) and the largest liminal ideal of A(∞) is B(∞) = A(∞) = CI H . Clearly x ∈ Θ satisfies x(t) ∈ B(t) for every t ∈ T only if x(∞) = 0 and the continuous field is not tame.
In the next section we shall show that the continuous fields of postliminal C * -algebras in a certain class that properly includes the locally trivial continuous fields We wish to express our gratitude to Professor E. Christensen and Professor J. Phillips for providing us the reference [2] .
are always tame. Afterwards we shall exhibit an example of a continuous field of postliminal C * -algebras such that all its fibers are mutually isomorphic and its
restriction to any open subset of the base space is not tame.
We shall use the terminology and the notation for continuous fields as introduced in [3, Chapter 10] . The preference to work with continuous fields rather than Banach bundles as it is more common nowadays is motivated by the fact that Dixmier's original question was expressed in these terms. The closed unit ball of the Banach space X is denoted X 1 .
Results
The main ingredient in the proof of Proposition 1 that follows is Michael's selection theorem [4, Theorem 3.2"]: a multivalued map ϕ from a paracompact space
T to the family of the non-void closed convex subsets of a Banach space X that is lower semicontinuous admits a continuous selection, i.e., there is a continuous t ∈ T , is a continuous map into M, X(t) being a closed subspace of X. With Γ the space of all the continuous functions ϕ : T → X such that ϕ(t) ∈ X(t), t ∈ T , ((X(t)), Γ) is a continuous field of Banach spaces.
Proof. The only evidence we must provide is that for t 0 ∈ T and x 0 ∈ X(t 0 ) there exists ϕ ∈ Γ such that ϕ(t 0 ) = x 0 . Clearly we may suppose x 0 = 0. Set y 0 := x 0 / x 0 . We claim that t → X(t) 1 is lower semicontinuous as a multivalued map from T to X. To see this let U be an open subset of X, s ∈ {t ∈ T | U ∩ X(t) 1 = ∅}, and z ∈ U ∩ X(s) 1 .
There are an open ball of X of center z and of radius ε > 0 contained in U and a neighborhood V of s in T such that d(X(s) 1 , X(t) 1 ) < ε for all t ∈ V , d being the Hausdorff metric. Thus for each t ∈ V there is w t ∈ X(t) 1 for which z − w t < ε. It follows that V ⊂ {t ∈ T | U ∩ X(t) = ∅} and we conclude that {t ∈ T | U ∩ X(t) = ∅} is open. We obtained that the map t → X(t) 1 is indeed lower semicontinuous.
Suppose now that T is paracompact. By Michael's selection theorem mentioned above there exists a continuous map ϕ ′ : T → X such that ϕ ′ (t) ∈ X(t) for every t ∈ T and ϕ ′ (t 0 ) = y 0 . The map ϕ defined by ϕ(t) := x 0 ϕ ′ (t) suits the requirements.
Let now T be locally compact Hausdorff. Let W be a compact neighborhood of
is continuous, satisfies ϕ(t) ∈ X(t) for t ∈ T and ϕ(t 0 ) = x 0 .
A continuous field of Banach spaces over a paracompact or a locally compact
Hausdorff space T isomorphic to a continuous field of Banach spaces as described in be the largest liminal ideal of A(t) and
is a locally wieldy continuous field of C * -algebras over T .
subset of T over which ((A(t)), Γ) is wieldy. There is no loss of generality if we suppose that over U all the fibers A(t) are C * -subalgebras of a certain C * -algebra and t → A(t) 1 is continuous for the Hausdorff metric. If
) then it follows from Theorem 2.7 and Lemma 1.2 of liminal ideal of A(t), t ∈ T , then it is easily seen that the given field is tame.
Conversely, suppose that ((A(t)), Γ) is tame and let C be the C * -algebra defined by the continuous field of the greatest liminal ideals. Then C = B the greatest liminal ideal of A. Indeed, it is clear that C is a liminal ideal of A so C ⊂ B.
Let now x ∈ B. With t ∈ T , ρ ∈ A(t), we have that y → ρ(y(t)), y ∈ A, is an irreducible representation of A hence ρ(x(t)) is a compact operator over the space of the representation. We conclude by [3, 4.2.6 ] that x(t) ∈ C(t). Thus B ⊂ C. admits a unique decomposition x = x 0 + x K1 with x 0 ∈ A 0 and x K1 ∈ K 1 . The map x → x K1 is a homomorphism hence x K1 ≤ x and x 0 ≤ 2 x .
CONTINUOUS FIELDS OF POSTLIMINAL C
From (1) and (2) it follows that the sequence
is an increasing approximate unit for A 1 consisting of projections.
We suppose now that the C * -subalgebras 
is an increasing approximate unit of A p consisting of projections. Every element x ∈ A p admits a unique decomposition x = x p−1 + x Kp
We define now Hence, if x ∈ K l and y ∈ K l−1 then xy, yx
We established that x m i=1 e l−1 ii ∈ K l−1 for every m hence xz ∈ A l−2 . Similarly, zx ∈ A l−1 and we gather that A l−1 = A l−2 + K l−1 , k ≥ 2, is an ideal in A l := A l−1 + K l which is a C * -subalgebra of B(H) by [3, 1.8.4] . We want now to prove
l the finite dimensional C * -algebra generated by
α Set now
and (4) and (5) we find that e l ij → e l−1 ij , 1 ≤ l ≤ p, i, j ≥ 1 yields an isomorphism ϕ p of C p onto A p−1 . Obviously ϕ p+1 extends ϕ p hence one gets an isomorphism ϕ from C := ∪ ∞ p=1 C p onto A that extends each ϕ p . Let now x ∈ A, x = lim p→∞ x p with x p ∈ A p , p ≥ 1. To show that ((A(t)) t∈[0,1] , Γ) so defined is a continuous field we must check that {x(t) | x ∈ Γ} = A(t) for t ∈ [0, 1]. To this end let t 0 ∈ [0, 1] and {a n } ∈ A(t 0 ).
For n ∈ N let f n : [0, 1] → [0, 1] be a continuous function such that f n (t 0 ) = 1 and f n (r n ) = 0 if r n = t 0 . Define x(t) := {f n (t)a n }, t ∈ [0, 1]. Then x is a continuous function from [0, 1] to c 0 (A) such that x(t) ∈ A(t) for t ∈ [0, 1] i.e. x ∈ Γ. Moreover x(t 0 ) = {a n } and we have proved that we constructed a continuous field of C * -algebras.
The greatest liminal ideal B(t) of A(t) is c 0 (A 0 ) when t is irrational. The greatest liminal ideal B(r n ) of A(r n ), n ∈ N, is again a direct sum whose components are all equal to A 0 except the one at the n-th place that it is equal to K 1 . Thus if
x ∈ Γ satisfies x(t) ∈ B(t) for every t ∈ [0, 1] then the n-th component of x(r n ) must vanish since A 0 ∩ C = {0}. It follows that for the restriction of our continuous field of C * -algebras to any relatively open subset U of [0, 1] the family (B(t)) t∈U together with {x ∈ Γ | x(t) ∈ B(t), t ∈ U } does not form a continuous field of C * -algebras.
